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High-Fidelity Linearized J, Model for Satellite Formation Flight

Samuel A. Schweighart* and Raymond J. Sedwick"
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

With the recent flurry of research on satellite formation flight, a need has become apparent for a set of linearized
equations that describe the relative motion of satellites under the effect of the J, geopotential disturbance. In the
past, Hill’s linearized equations of relative motion have been used to analyze relative motion between satellites,
but they were not designed to capture the effect of the J, potential. A new set of constant-coefficient, linearized,
differential equations of motion is derived. Although surprisingly similar in form to Hill’s equations, they are able
to capture the effects of the J, potential. A numerical simulator is employed to check the fidelity of the equations. It
is shown that with the appropriateinitial conditions, the new linearized equations of motion have periodic errors of
only 0.4% over all inclinations, radii, and cluster configurations. The new linearized equations of motion also allow
for insights into the effects of the J, disturbance on a satellite cluster including an effect called tumbling, where
the cluster as a whole rotates about the vector normal to the orbital plane of the reference orbit. The differential
J> effects are also analyzed, and the cluster configurations that minimize this effect can be determined from the
new equations. Overall, a new high-fidelity set of linearized differential equations is produced that is well suited
to model satellite relative motion in the presence of the J, potential.

Nomenclature

amplitude of the cross-track separation
semimajor axis

argument of the cross-track separation
constantdefined in Eq. (19)

eccentricity

true anomaly

spherical Earth gravitational acceleration
inclination

second spherical harmonic of Earth’s geopotential
accelerationdue to J,

constantdefined in Eq. (22)

linearized time rate of change of A

initial amplitude of the cross-track motion
mean motion

linearized value of B

radius of the Earth

position vector in the inertial coordinate system
constantdefined in Eq. (13)

time

relative position vector

constantdefined in Eq. (42)

angular distance between the equator and the
intersection of two orbital planes

relative position between two satellites
difference in longitude of the ascending nodes
increase in the angular distance between
orbital crossings

argument of latitude

maximum angular cross-track separation
initial phasing angle for the cross-track motion
longitude of the ascending node

argument of periapsis

angular rotation rate of the body-fixed coordinate system
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Introduction

VER the past few years there has been a growing interest in

satellite formation flight, and much research has been done
to explore the use of satellite formation flight for such missions as
space-basedradar or interferometry. With the desire to place space-
craft in formations or “clusters” comes the need to predict accu-
rately and understand the relative motion between the satellites. To
describe this relative motion, researchers initially turned to Hill’s
equations, also know as the Clohessy—Wiltshire equations. Hill’s
equations are a set of linearized differential equations that describe
the relative motion of two spacecraftin similar near-circular orbits
(see Ref. 1). This was the logical first step because Hill’s equations
are very simple to implement and have been successfully used to
describe the relative motion of two satellites during rendezvous ma-
neuvers. However, rendezvousmaneuvers usually occur over a short
time span, and the modeling errors do not have a chance to grow
over time. Satellite formation flight missions take place on a much
longer timescale. This causes the modeling errors to build up over
time and renders the solution useless. Also, because of the simpli-
fying assumptions used when deriving Hill’s equations, some of the
characteristics of the motion are lost.

The assumption made by Hill’s equations that is cited repeatedly
as the main source of error is that the Earth is perfectly spherical.
Because the Earth is not perfectly spherical, but rather an oblate
spheroid (as described by the J, potential), modeling errors are
introduced by the noncentral forces that result. To remove the mod-
eling errors that are present in Hill’s equations, much research has
been done with varying success to incorporate the effects of the J,
potential.

Kechichian® derived an exact formulation of the relative motion
of satellitesin the presence of the J, potentialby utilizingareference
frame that was subjected to both the J, potential and atmospheric
drag. However, the resulting equations must be numerically inte-
grated to predict the motion of the satellites over time.

Sedwick et al.? incorporated the effects of the J, potential as a
forcing functionthatthey appliedto the rightside of Hill’s equations.
Theresultingresonantmotionisresponsiblefor the seculardrift seen
by satellite formations, and the amount of Av needed to counteract
this secular motion is presented.

In papersby Alfriendetal.* and by Gim and Alfriend,’ a state tran-
sition matrix is employed to account for the effects of the J, potential
and slight eccentricities in the reference orbit. This state transition
matrix relatesthe changesin the orbital elements to changesin the lo-
cal coordinateframe. The papers show that the state transitionmatrix
is an improvementover Hill’s equations, but it is also somewhat un-
wieldy, taking over 10 pages of appendicesto representthe matrices.
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In a later work by Vadali et al..° an approach in the same vein
as that of Sedwick et al.> was employed. This approach seeks a
linearized combination of Hill’s equations with the J, effect. The
approach by Vadali et al.® used a modified reference frame (termed
the ghost frame) that tracked the mean drift rates of both a chief and
deputy satellite. The resulting equations were linear with periodic
coefficients, and differencing them produced a homogeneous set of
equations that could be numerically integrated to track the relative
motion of two satellites with the same accuracy as their nonlinear
simulations for periods up to one day. The magnitude of the error is
not explicitly stated.

Previous work by the authors of this paper’ also partially includes
the mean motion of the satellitesin defining the reference orbit. The
time average of the gradient of the J, potential is incorporated to
form a new setof constantcoefficientlinearizedequations. However,
the time averaging of the gradient of the J, potential causes some
loss of informationin the cross-track direction. Although this error
was noted in the paper, a complete solution was not presented.

This paper completes the earlier work by Schweighart and
Sedwick.” The time average of the gradient of the J, potential is
once again used to calculate the in-plane relative motion of the
satellites. To calculate the cross-track motion, mean variations in
the orbital elements and spherical trigonometry are employed. The
result of this work is a set of constant-coefficient linear differential
equations that can be solved analytically. These equations are

A¥ — 2(nc)Ay — (5¢* — 2)n*Ax =0, AV +2mc)Ax =0

AZ+q*Az = 2lg cos(qt + ¢) ey

The benefits of these equationsare twofold. First, the equations pro-
vide a very simple method of modeling the relative motion between
satellites. Because they are linear, constant-coefficient differential
equations, they can be easily solved to provide analytic solutions.
Second, the equations provide insights into the relative motion of
satellitesunder the influence of the J, potentialthat are neitherinfer-
able from Hill’s equations nor immediately apparent from a simple
numerical solution. For example, the period mismatch between the
in-plane and cross-track motion produces an effect the authors call

5 (1 — 3sini sin’9)

6uJrR .

VJy(r,0,i) = # sin? i sin26
et sin 2i sin 6

tumbling in which the cluster appears to tumble around the orbital
angular momentum vector. Also, small differences in the orbital
inclination of the satellitesin the formation cause differentialdriftin
the longitude of the ascendingnode. This differentialdriftcauses the
satellite formation to break up over time, and the different satellite
formations that augment or diminish this effect can be determined
from the new equations. All of these topics will be covered in more
detail later in the paper. What follows next is a complete derivation
of the new equations of motion for satellite formation flight.

Equation Development

The derivationbegins with the analytic equation of motion for an
orbiting satellite under the influence of the J, potential,

F=g(r) +J2(r) )
where g(r) is the gravitationalaccelerationdue to a spherical Earth,
g(r) = —(u/r*)F 3)

J,(r) is the acceleration due to the J, potential,!
Do) = —(3/2)(HLuR? [r)[(1 — 3sin’ i sin’ 6)%
+ (2sin*i sin@ cos @)y + (2sini cosi sin§)z] 4)

r is the position vector of the satellite,and x —y — z is the coordinate
system to be described.

1 s 2 (17 2
7 — sin 1(2 7 sin 0)

—(sin2i cos0) /4

A reference orbit is now introduced. For simplicity, a circular
reference orbit only under the gravitational influence of a spherical
Earth is initially used; however, the following development is not
dependenton this assumption. The derivation only requires that the
reference orbit is constantradius:

":ref =g(rref) (5)

Alocal vertical,local horizontal (LVLH) coordinatesystemhas been
assumed with the origin of the coordinate system coinciding with
the reference orbit. The X vector points in the radial direction; the z
vectoris perpendicularto the orbital plane and pointsin the direction
of the angular momentum vector. Finally, the y vector completes
the orthogonal triad, and points in the direction of movement. In
this X —y —z coordinate system, the stipulation is made that it is
a curvilinear coordinate system. The X vector remains unchanged;
however, the y and z vectors curve along a sphere with radius r;.

Linearizing the gravitational terms in equation (2) with respect
to the reference orbit results in

7 =g(rref) + Vg(rref) X +J2(rref) + VJZ(rref) - X (6)

where the relative position of the satellite taken with respect to the
reference orbit is denoted as x,

X =T — Ier (7)
Whenasphericalcoordinatesystem (7 — 6— 2) with the polealigned

with the ascendingnodeis used, the gradientof the g (r) gravitational
acceleration can be calculated. The result is a second-ordertensor:

2(u/r%) 0 0
Vg(r) = 0 —(u/r?) 0 3)
0 0 — (/1)

The J; disturbance[Eq. (4)]is givenin X —y — 2 coordinates. How-
ever, the equation can be transformed directly to the 7 — 6 — i co-
ordinate system without any loss of generality. Taking the gradient
results in

sin 2i sin 6
—(sin2i cos ) /4 | “

3, 2 (1 5
—2 +sin 1(3+Z5m20)J

sin’i sin 20

Because the coordinate system is rotating, rotational terms are
needed when calculating the relative acceleration and velocities of
the satellites:

Xpol =F —Frof — 20 X Xpgf —W XX —w X (W X X) (10)

The rel subscripts will be dropped in the remainder of the text. For
a circular reference orbit the rotation rate of the coordinate system

is given as
w =nz, n=./u/r (11)

Substituting Eq. (6) into Eq. (10) and rearranging the terms yields
X+2wxxtwXxx+wx (w Xx) =g(rref)+vg(rref)'x

+J2(rref) + VJZ(rref) cX = ":ref (12)

Equation (12) is a linearized differential equation of motion with
time-varying coefficients. This is because VJ,(rf) is not constant
exceptforequatorialorbits. An approximatesolutionto this problem
is to take the time average of the V.J,(r) term.

! Py 4s 0 0
—/ vihmd=£]0 - o0 (13)
27 J, r3
0 0 —3s
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where
s = (3R /8r*)(1 + 3 cos 2i)

Equation (12) now becomes

X+2w XX+ wXXx+wX (WXX)=gFer) + VE(Irer) - x

1 2 .
+J2(rref) + _/ VJZ(rref) do -x — Frer (14)
27 J,

When the time average of the gradientof the J, disturbanceis taken,
the periodic component of the gradientis lost. Although the loss of
small periodic motion is not of great concern, there is the possibility
that the periodic component of the gradient could resonate with the
periodic component of the relative motion. The resulting growth in
the solution would also be lost, so that, if it does exist, it must be
reestablished.

Growth in the radial direction would signify an ever increasing
eccentricity or semimajor axis. According to mean variationsin the
orbital elements due to the J, potential,' neither of these two effects
exists. Therefore, with regard to radial motion, there is no problem
in taking the time average of the gradientof the J, potentialbecause
there is no secular motion to be lost.

Growth in the tangential direction would signify either an in-
creasing eccentricity (which, as stated earlier, is not possible) or a
difference between the orbital period of the satellite and the refer-
ence orbit. When the time average of the gradient is taken, some
of the information on the orbital period is lost. However, choosing
the appropriate initial conditions for the satellite can eliminate this
secular motion. If the period of the satellite matches that of the ref-
erence orbit, then there cannot be any secular driftin the tangential
direction. Partially because of this information loss, the initial ve-
locity conditions will be determined numerically. This is discussed
further in a later section.

Finally, growth in the cross-track direction would signify differ-
ential changes in the longitude of the ascending node. Although the
equations of motion, as derived up to this point, do capture a large
component of this motion, some information is still lost. Because
of this, the cross-track motion will be derived separately in a later
section using the mean variation of the orbital elements.

Overall, although taking the time average of the gradient of the
J, potential does cause some aspects of the motion to be lost, they
will be reaccounted for later in the paper. The equations of motion
will also be validated against a numerical simulator to ensure that
no secular motion has been overlooked.

Correcting the Orbital Period of the Reference Orbit

For any type of linearizationto work, the satellite, which is under
the influence of the J, potential, must remain in close proximity to
the referenceorbit. This requiresthatboth the periods and meanradii
of the two orbits be similar. The reference orbit, as it is currently
defined, is indeed at the mean radius of the satellite, but has the
orbital period of an undisturbed satellite not under the influence of
the J, potential. To keep the satellite and reference orbit in close
proximity, we must artificially adjust the period of the referenced
orbit to be that of the satellite under the influence of the J, potential
without changing its radius. Recognizing that the change in orbital
period of the disturbed satelliteis due to the time averaged effect of
the J, acceleration, we can evaluate this term and use it to modify
the reference orbit directly.

The equation of motion of the reference orbit [Eq. (5)] now
becomes

) 1 2
rrefzg(rref)+_/ JZ(rref)de (15)
27 J,

where

3J,R?

1 [ .
—/ Jo(r)do = —n’rsx, s = —=(1+4+3cos2i) (16)
2 J, 8r2

Equation (14) then becomes

X+H2w XX+ wXxXXx+w X (Wxx)=VgTe) X +Jy(Fer)

1 2 1 2
+_/ VJZ(rref)de'x__/ JZ(rref)de (17)
27 J, 27 J,

Now that the reference orbit has a new period, the angular velocity
vector of the rotating coordinate system must also be updated:

1 2
wx(wxrref)zg(rref)+_/ Jo(rer) dO (18)
27 J,

which gives the new angular velocity

c=+V1+s (19)

w = ncz,

Correcting the Reference Orbit for Nodal Drift

Although the preceding equations of motion are a vast improve-
ment over Hill’s equations when incorporating the J, disturbance,
more can be done. Even though the orbital period of the reference
orbit has been adjusted to match the period of the satellite under the
influence of the J, potential, they still drift apart due to separation
of the longitude of the ascending node. With reference to Fig. 1,
if both the reference orbit and a satellite under the influence of the
J, potential start at point A, after one orbital period, the satellite
will be at point B, whereas the current reference orbit will return
to point A. They are now separated by a distance ;A2 sini. Af-
ter two orbital periods, the satellite and the reference orbit will be
separated by r,,,2A€2 sini, and this process will continue to cause
them to drift farther and farther apart. Although the equations of
motion in their current form do capture the bulk of this motion, the
increasing separation causes the linearization to break down after
several periods. Because of this, the reference orbit must again be
redesigned so that it tracks this secular motion.

Because the J; potentialis directly responsiblefor this separation,
the solution to this problem is to determine the aspect of the J,
potential that causes the drift in the Z direction and incorporate
it into the reference orbit. Using Gauss’s variation in the orbital
elements (see Ref. 1), it can be shown that the normal component of
the J, accelerationis solely responsible for the drift in the longitude
of the ascending node. Applying the normal component of the J,
disturbance acceleration to the updated reference orbit [Eq. (15)]
results in

) L[ s
Tref =g(rref)+E/ JZ(rref)d0+[J2(rref) 'Z]Z (20)
0

where it is understood that the radius of the reference orbit is still
to be held constant.

Including this acceleration term makes it difficult to describe
analyticallythe motion of the new referenceorbit. The natural choice
is to use the mean variationin the orbital elements; however, it will
be shown that this is not an adequate approach. The position of the
reference point in X—Y-Z Earth-centered inertial coordinates' is

Frop = Freg[COS 2(£) cos 0(F) — sin (£) sinO(¢) cosi (1)]1X
+ Fro[SIN Q(7) cOs O (1) + cos 2 (¢) sin 8(7) cosi ()Y

+ Feet[sin 6 (1) sini (£)1Z 21

Approximate expressions for the time variation of the orbital ele-
ments of the referenceorbit were found by integratingthe variations

B

AQCosi

Equator

i

Fig.1 Effects of a changing longitude of the ascending node.
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subject to the normal component of the J, acceleration, assuming
constant values of the elements over the integration. This results in
the following:

. . 3/, R? o | 1 =cos2kt)
[(1) = lyop — === COS Iref SIN i ef | ————
2kr? 2
3/, R; sin(2kt
Q) =Qo— M—if cos iref[tk _ ¥:|
2krz 2
3/mJrR? sin(2kt
0(t) = net + =27 o2 |:tk - M}
2krz 2

3/, R?
c+ L 08 iyt (22)

2rz

k=n

When these definitions are inserted into Eq. (21) and simplifications
tolowestorderin J, are performed,itcan be shown thatanequivalent
equation would resultif instead the following definitions were used:

l(t) = iref - <3ﬂJ2R3/2k7’%> COSiref sin iref

Q1) = Qo — (3«/ﬁJzR3/2r%) cosiwrt, (1) =kt (23)

Not surprisingly,the expressions for € (¢) and 6(¢) are simply what
would have resulted from using the mean variations of the elements,
as suggested earlier. The interesting result is in the expression for
inclination. It can be seen from Eq. (22) that the inclination has a
time-varying component over an orbit, and the mean is not actually
equal to ir. One might assume that the mean value would be ap-
propriate for defining the reference orbit. However, the expression
in Eq. (23) represents the minimum value. The reason for this has
been identified as a geometric coupling between the time variations
of the longitude of the ascending node, the argument of latitude,
and the inclination. Using the mean inclination results in a much
greater error when compared to the actual motion, which is why
simply describing the reference orbit in terms of the mean motion is
inadequate. Equation (23) can now be substituted back into Eq. (21)
to provide an approximate equation of motion for the reference
orbit.

Because we have added a component of the J, potential to the
reference orbit, that component must be subtracted from the equa-
tions of motion of the satellite relative to the reference orbit. The
resulting equations of motion are

X+t2wxxtwXx+wX (WXx)=Vgere)  x+J2(er)

1 2
+— / VI, (res)do - x
27 J,

1 2 L
- / J2 (rref) do — [JZ(rref) : Z] Z (24)
27 J,
Substituting the appropriate terms into the equations results in an

intermediate set of differential equations of the form

X —2(nc)y — (5¢* — 2yn’x = —3n2J2(R§/rref)
x [ = 3sin? i sin? (k1)/2 — (1 + 305 2ir) /8]
¥ +2(ne)x = =3n>J, (Rf/rref) Sin? iyer sin(kt) cos(k?)
P4+ B =n’z=0 (25)

Correcting Cross-Track Motion
As stated earlier, the time averaging of the gradient of the J,
potentialcauses errorsin the cross-trackmotion. Equation (25) does
provide for a fairly accurate model of the cross-track motion, but it
has an error in its period and does not capture the secular motion
that is normally present in the cross-track direction.

Under the influence of the J; potential, the satellite’s orbital plane
rotates around the Z axis (the north pole). This is because the J, po-
tential is symmetric across the equator. As a direct result of taking
the time average of the gradient of the J, potential, the new lin-
earized equations of motion, instead of predicting that the orbital
plane rotates around the Z axis, predict that the orbital plane rotates
around the vector normal to the reference orbit. The time averaging
of the gradientof the J, potential causes the potential to appear sym-
metrical about the current reference orbital plane. The result of this
modeling error by the equations s that the period of the cross-track
motion is incorrect for inclinations other than equatorial.

Overview

Cross-trackmotionis due solely to that the satellite’s orbitand the
associated reference orbit are not coplanar. It is a periodic motion
that is equal to zero when the two orbital planes intersect and is at
a maximum 90 deg away from the intersection of the planes. The
location of the intersection of the two orbital planes is based on
differences in the inclination and separationin the longitude of the
ascending node.

Under the influence of the J, potential, these orbital planes rotate
about the Z axis at different rates. As they move, both the argument
and the amplitude of the cross-track motion change. This change
is not linear, and spherical trigonometry must be used to derive the
cross-track motion. Once the argument B(¢) and amplitude A (¢) are
known as functions of time, the equation for out-of-plane motion
can be written in the form

z = A(D){sin[B()t + ¢} (26)

where ¢ is the phase angle of the satellite within the cluster.

The following derivation requires the knowledge of the inclina-
tion of the satellite and the initial separation of the longitude of the
ascendingnode from that of the reference orbit. When it is assumed
that the cluster is initialized at the equator, these parameters can be
approximated by using the satellite’s initial conditions z, and z:

isal = éO/(krref) + iref (27)
sin(zq /7y, z
AQy = sinl|: (, 0,/ ef):| ~ .0 - (28)
SIN et Tref SIN Lref

Argument B(¢)

The argumentof the cross-trackmotionis dependenton the length
of time from when the satellite crosses the intersection of the two
orbital planes and returns to that same intersection approximately
oneorbitalperiodlater. When the orbital planes move, the locationof
this intersection changes, as does the argument of the cross-track
term. The angular distance between the intersections of the orbital
planesfromone passto the nextcan be calculated. Figure 2 shows the
reference orbit and the orbit of the satellite near the equator. When

4
" .

/, ;r'/Satelhte

/ Orbit

Fig.2 Moving intersection of the orbital planes.
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spherical trigonometry is used, the location of the intersection of
the orbital planes, y (), can be calculated:

_1 | cotipepsinigy — cosig cos AQ(t)
1) = cot™! 29
(@ [ SInAQ (1) (29)

where A (¢) is the time-varying separation of the longitude of the
ascending nodes. This can be determined by the following:

AQ() = Qe — Qe = AR + (a0 — Rrer)?
3 JQ”R? . 3 JQ”RZ

B Cos isats Qpef = —= B < cos iref (30)
2 r r
ref ref

Qg =

InFig. 2, thedashedlinesrepresenttheinitial orbital planes, whereas
the solid lines are the orbital planes at a later time. The extradistance
a satellite must travel to the next intersection with the reference
orbit §y (¢), due to the rotation of the orbital planes about Z, can be
calculated by

51/(1‘) = J/(t) + Qsalt COSisal — Y
8y (t) = (1) + Quu cOS i (31)

Once the parameter §y (t) has been calculated, the argument of the
cross-track motion can be written as

B(t) = nc — 8y (1) (32)

Whereas Eq. (31) provides an accurate means of determining §y (¢),
parameter y (¢) is a nonlinear functionof A2 () and, thus, nonlinear
in time. A first-order approximationcan be made by calculating the
derivative of y () with respect to AQ(¢). The linearization can be
justified because satellites in a cluster will only have small changes
in AQ(#). A large change in AQ (¢) would signify that the cluster
has separated to a point where it no longer resembles the original
cluster:

(1) = dy dAQ
V= Sae a
s = €08 }p sin ¥y cot AQ — sin® ¥y cos gy
IANY =0 ’
dAQ . .
T = (gt — Cer) (33)

Combining Eq. (31) and Eq. (33), the parameter 8y (¢) is now a
constant defined as
dy

5]/ = M_Q(Qsal - Qref) + Qsal Cos isal (34)

Once this has been calculated, the argument of the cross-track mo-
tion can be written as

B(t) =nc —§y, q =nc—238y (35)
Note that due to the preceding linearization, B(f) is a constant
(defined as q). Also, if iy =i, thennc — 8§y =k.

Equation (33) also allows for some insight into the motion of the
location of the orbital plane crossing. When the difference between
iror and ig, is small and A is small, 3y /d AQ2 becomes very large.
Thus, small changes in AQ(¢) can result in large changes in §y.
This motion can be thought of as a scissoring effect. When a pair
of scissors is opened, the point of intersection of the two blades
moves very rapidly from the tips back. As the handle is opened
further, the rate at which the intersection of the two blades moves
toward the handle slows down. With orbital planes, the location of
the intersection of the orbital planes will move very quickly away
from the equator, and then as it approaches the poles, it will slow
down.

Satellite
Orbit
90°

iref Fig. 3 Determining the
EquatOr amplitude.
AQ
Reference
Orbit
o}

Amplitude A(?)

The amplitude of the cross-trackmotion is dependenton the max-
imum separation between the two different orbital planes. This can
once again be calculated with spherical trigonometry. From Fig. 3,
it can be seen that the amplitude is based only on the inclination of
both orbits, and their separation at the equator.

The angle ® () can be calculated using

D (1) = coS ™' [COS sy COS e + SiN iy SiNirer cOS AQ (D] (36)

where A2 (¢) is the time-varying separation of the longitude of the
ascending nodes.

Now that ®(¢) has been determined as a function of time, the
amplitude of the out-of-plane motion can be defined as

A(t)zrrefcb(t) (37)
We can simplify Eq. (37) by linearizing ®(¢). The linearization is

once again justified because @ (¢) is nonlinear with respectto A ()
and AQ (¢) will only undergo small variations.

Ay =1lt+m

. SN i gy SiN i SIN A2
I = rrefcb = —Fref

Quat — 2
sin CDO ( sat ef)

m~ rrefCDO (38)

There is also very useful insight gained by Eq. (38). One would
initially assume that secular motion in the cross-track direction
(given by ) would be greatest for cases when the difference in in-
clinations of the satellite and reference orbits are the greatest, pro-
viding the mostrapid separationof nodal longitude. However, when
AQ(t) is a maximum, the satellite’s orbit intersects the reference
orbit at the equator, and, therefore, A2y, = 0°. Equation (38) shows
that when AQ;=0° then /=0 and that there is no secular mo-
tion in the cross-track direction. The initial condition that produces
the maximum secular motion in the cross-track direction is when
¢ ~45 deg, where ¢ is the phase angle defined in Eq. (26).

Final Cross-Track Motion
Having derived equations for the amplitude and argument of the
cross-track motion, we can now write the out-of-plane motion as
z = A(t) sin[B(0)t + ¢], z= (It +m)sin(qgt +¢) (39)
The constants m and ¢ are found using the initial conditions z, and
,’;70:

msing = z, Ising +gmcos¢ = z, (40)

Final Equations of Motion Relative
to the Reference Orbit
Incorporating the corrected cross-track motion into Eq. (25) re-
sults in the final linear, constant-coefficient differential equation of
motion relating the motion of a satellite to a circular reference orbit.
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The equations are initialized so that, at time ¢ =0, the cluster is
crossing the equator:

i —2(ne)y — (52 — 9n*x = =30 L (R? [ 1)
x {g — [3sin? e sin® (k1) /2] = [(1 + 3 cos 21@)/8]}

$ +2(nc)x = —3n2J, (RS/rref) sin? i sin(kt) cos(kt)

2+ g%z = 2lq cos(qt + ¢) (41)
By solvingthese differentialequations, the final equationsof motion
are presented next. Note that the initial conditions x, and y, have
been selected to remove any secular motion or constantoffset terms,
that is,

1—=s
x = (xg —a)cos(ntv/1 —s ) + ——
(x0 — e) cos( ) T
xsin(nt 1—s)+ozc0s(2kt)

_ 21+ s
r= V11—

X COS (nt 1- s) + B sin(2kt)

(xo —oz)sin(nt 1 —s) + Yo

z = (It + m)sin(qt + @)

with
3LR2 (3k —2d/T+s)
T My 20— —dky e
34, R2n? [2k(2k = 3nV/T+5) +n’3+59)]
b= 221 —s) — 4Kk7] S fref
3J,R2n?
Jo = —2xon/T F s + 22 Gin2i
Akr,or
. ( 1—=5 42)
Xg = yoh| ——
LR W

Satellite Motion Relative to a Second Satellite

Whereas the motion of a satellite with respect to the circular
reference orbit is useful in that it gives the motion of the cluster
as a whole, relative position and motion of satellites with respect
to each other is the primary need for cluster design. The derivation
of the relative motion between two satellites in the cluster will be
presented in this section.

Deriving relative motion between two satellites can be accom-
plished by using the relation

x| —X; = Ax (43)

where x, is the relative position of the first satellite with respect to
the reference orbit, x; is the relative position of the second satellite
with respect to the reference orbit, and Ax is the motion of the first
satellite with respect to the second satellite.

Substituting Eq. (24) into Eq. (43) results in the following differ-
ential equation of motion:

AX +2w X Ax+w X x4+ w X (w X Ax)

1 2
= Vg(rer) - Ax + p / VI (rer) d6 - Ax (44)
0

The resultis the homogenous form of the in-plane differential equa-
tions presented earlierin Eq. (25). The cross-track motion is derived
in the same manner as discussed earlier with the only change being
the substitutionof the inclinationand the longitude of the ascending
node of the second satellite in place of the reference orbit resulting
in new constants ¢, [, m, and ¢.

Substitutingthe appropriateterms and the correctionto the cross-
track motion into Eq. (44) results in the following differential equa-
tions of motion in X—y—z coordinates:

A¥ —2(nc)Ay — (5¢2 — 2)n’Ax =0, AY +2(nc)Ax =0
AZ +q*Az =2lgcos(qt + ¢) (45)

The equations can be solved to produce the following equations
of motion. The initial velocity conditions have been selected in the
radial and tangentialdirectionto remove drift and offset terms; thus,

J1—=s
Ax = Axy cos(nt 1- s) + —=Ay sin(nt 1-— s)
2V1+s
2/1+s
Ay = ———=Ax, sin(nt~/1 —s) + Ayycos(ntv1 —s
Y Ny 0 ( ) 0 ( )
Az = (It + m) sin(qt + ¢) (46)
with
. nAy, (1—ys) .
AXy = —— —, Ayy = —2nAxovV1 +s
0 5 s s Yo 0

For clarity, all of the necessary constants needed to use Eqs. (45)
and (46) are shown next. The only inputs to these equations are the
geopotential constants J,, R,, and u, parameters of the reference
orbit 7 and i, the inclination of the second satellite iy,,, and
the initial conditions Axy, Ay, Az, and Azy. From these inputs,
the motion of one satellite with respect to another satellite in the
presence of the J, potential can be calculated:

3J,R? .
s = %(1 + 3 o8 2is)
8rref
c=+14+s
- |~
rrzef
J,R?
k=nc+ 22 £ COS% iy
rref
Azg .
Lat1 = krref + Lsar2
Az
AQ = 0

Tref SIN Lref

Vo = cot! |:c0tisa[2 SiN gy — COS igy COS ASZO:|
0 =

sin A

Dy = cos ! [COS gy COSigupn + SiNigy SiNign cos AQ]

Qg1 = — > COS Igyy)
rref
& 3nJ,R? )
sa2 — COS Lsar
2r2

ref

g = nc — (cos yp sin yp cot ARy — sin® ¥y €08 isu ) (Rsat — Reu2)

- Qsall Cos isall

SiN Iy SiN gy Sin A

= Tref sin @, (Qsall - QsalZ)

msing = Az
Ising +gmcos¢p = Azy

Initial Conditions and Closed-Form Solutions

The solutions to the new linearized equations of motion are de-
pendent on six initial conditions. These initial conditions x, Yy, zo,
X0, Yo, and z( are specified as the initial position and velocity of the
satellite with respect to the reference orbit or to another satellite in
the cluster. Two of the initial conditions, X and y, were selected to
eliminate secular motion and constantoffset terms. However, the use
of these analytically derived initial conditions does not totally elim-
inate the drift in the in-plane direction. The reason for the error is
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threefold, consisting of general linearization, time-averaging of the
J, potential,and the time-averagingof'its gradient. The linearization
and time-averaging of the gradient are unavoidable because these
are necessary to maintain linear, constant-coefficient equations of
motion. It can be argued, however, that a better approximation of
the time-average J, potential could be used because the average is
taken under the assumption of a constant-radiusreference orbit.

If the true path of the satellite was used to calculate the time av-
erage, then the reference orbit period may in fact be closer to the
true period. However, there is no way to unambiguously select the
initial conditions of the orbit to be tracked because under the J,
potentialthere are no longer circular or otherwise unique orbits. For
this reason, it seems most practical to follow the current approach
of averaging under the assumption of a constant radius and find
a means to better calculate the correct no-drift initial conditions.
Although an analytic method using energy conservation was em-
ployed with some success for satellites having the same inclination
as the reference orbit, a general method for establishing the no-drift
condition has not yet been identified. In the examples to follow, the
initial conditions are found numerically to isolate errors introduced
by the other approximations.

Numerical Results

In the following section, a numerical simulator is employed to
verify the validity of the new linearized equations of motion. The
numerical simulator takes the initial analytic equations of motion
as described in Eq. (2) and integrates the absolute motion of each
satellite forward in time. The motion of each satellite is then differ-
enced and converted to an LVLH coordinate system. The results of
these numerical simulations are compared to the solution obtained
with the new linearized equations of motion.

In the simulations, the satellites are placed into a “free-orbit el-
lipse.” A free-orbit ellipse describes the formation configuration
where the projection of the satellites’ relative motion in the cross-
track directionis a 2 by 1 ellipse, in the in-track directionis a line,
and in the radial directionis a circle. This configuration was used by
Sedwick et al.,> Gim and Alfriend,’ and others because it projects
a constant geometric shape in the radial direction that is useful for
many types of missions. This type of configuration will also be used
in this paper because it is a good representationof possible relative
motion and allows for easy comparison to earlier work.

The results of a numerical simulation with a free-orbitellipse that
projectsa 100-m circle in the radial direction at a radius of 7000 km
is presented. The initiallocationof the satellite (the phase angle) was
chosen to be 45 deg so that the differential drift in the cross-track
direction is at a maximum:

Tref = 7000 km, iref = isalZ =35 deg

Axy =50 mcos(45 deg) =35.36 m
Ay, = 100 msin(45 deg) = 70.71 m
Azy =100 msin(45 deg) = 70.71 m
Azy = (100 m/k) cos(45 deg) = 76.32 mm/s 47

Figure 4 shows the difference between the results of the numerical
simulation and the solutions to the new linearized equations of mo-
tion. As we can see from Fig. 4, the modeling error is periodic and
does not grow in time. The maximum error is approximately 30 cm
in the in-track direction. This is an error of only 0.3% of the 100 m
free orbitellipse. This is a large improvement over Hill’s equations,
which have periodic errors that grow without bounds.

Instead of provingto the reader that the new equationsare valid by
showing the individualresults from several differentconfigurations,
the precedingconfiguration will be used as a baseline configuration,
and each parameter will be varied independently over a range of
values. The maximum modelingerror over 10 orbital periods will be
presented for each parameter varied. By presentingthe results of the
numerical simulationsin this fashion, one can see that the equations
hold for all ranges of values as opposed to just a few isolated cases.
Also, the error trends for each parameter can be visualized.
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Fig.4 Results of the numerical simulation.
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Fig.7 Maximum modeling error vs phase angle of the satellite.

Figure 5 shows the effect of varying the inclination of the satel-
lites from equatorial to polar orbits. The error is at a minimum for
equatorial orbits. This is because the J, potential is constant for
equatorial orbits and taking the time average of the gradient is not
a simplification. With the current baseline configuration, the maxi-
mum erroris 37 cmin the in-track directionand occurs at inclination
near 55 deg.

InFig. 6, the radius of the satellites’ orbit was varied froma height
just above the Earth’s surface out to a radius of 20,000 km. As can
be seen in Fig. 6, the modeling error decreases as the radius of the
orbitsincreases. This is because the J, potentialis a functionof 1/r4,
whereas the spherical gravitational potential is a function of 1/r3,
and the effects of the J, potential decreases more rapidly as the
radius of the orbits increases.

The effect of varying the phase angle is shown in Fig. 7. Once
again, there is not a large change in the modeling error, with the
maximum error being less than 35 cm.
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Althoughnotshown in a figure, the varying of the size of the free-
orbit ellipse from 10 to 1000 m has a negligible effect of the mod-
eling error with a maximum value being less than 0.4% of the size
of the free-orbit ellipse. Overall, the numerical simulation shows
that the new equations of motion are valid for all radii, inclinations,
and cluster configurations without much change in error from the
baseline configuration.

Tumbling

When a closer look is taken at the new equations of motion, an
interesting property can be observedin their solution. Although the
solution to the new equations is very similar to that of Hill’s equa-
tions, one obvious difference is that the period of the cross-track
terms is different than the in-plane terms, which are coupled. This
difference in period results in a phenomenon coined by the authors
as tumbling because the cluster appears to tumble around the z axis
of the reference orbit. This effect can be better visualized by us-
ing a model of satellites in a cluster proposed by Yeh and Sparks.?
Their model, which uses Hill’s equations, states that the motion of
satellites in a cluster is on the locus of points described by the in-
tersection of a plane and an elliptical cylinder with the axis of the
cylinder along the cross-track direction. There is no restriction on
the normal of the plane, but the more interesting solutions result
when it is not coincident with the cylindrical axis. The differencein
periods between the cross-track terms and the in-plane terms results
in the precessionof the normal vector of the plane around the cylin-
drical axis. This motion gives the cluster the appearance of tumbling
around the cross-track axis over time. The period of this tumbling
is a result of a beating phenomenon between the cross-track and
in-plane periods and is much longer than either. For satellite forma-
tions that have strict requirements on the projections of the cluster
onto the ground, tumbling will cause their projection to degrade
over time.

Conclusions

A set of linearized, constant-coefficient differential equations
have been developed for describing the relative motion of satellites
in the presence of the J, potential. They resemble Hill’s equations
in their form and ease of use, but are capable of accurately and eas-
ily describing the relative motion of satellites under the influence
of the J, potential. These equations were validated using an orbit
propagator that incorporates only the J, potential and were shown

to have only a maximum modeling error of 0.4% over all inclina-
tions, radii, and cluster configurations. The new equations of motion
also accurately capture the only type of secular motion that cannot
be eliminated with a proper choice of initial conditions: separation
in the cross-track direction due to differential nodal effects. These
equations can be used to help develop satellite configurations that
minimize this effect. Also, the differencein cross-trackand in-plane
periodsresultsin an effect referred to as tumbling. This motion is an
importantconsiderationfor clustersthatrequirespecific groundpro-
jectionsbecausethe tumbling motion will cause these projectionsto
vary overtime. The developmentof these linear, constant-coefficient
equations of motion brings insight to satellite cluster dynamics and
provides a tool for developing trajectory optimization and control
algorithms.
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